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Abstrat: Quantum eld theories (QFT's) on nonommutative spaetimes are urrently
under intensive study. Usually suh theories have world sheet nonommutativity. In the
present work, instead, we study QFT's with ommutative world sheet and nonommutative
target spae. Suh nonommutativity an be interpreted in terms of twisted statistis and
is related to earlier work of Oekl [1℄, and others [2, 3, 4, 5, 6, 7, 8℄. The twisted spetra
of their free Hamiltonians has been found earlier by Carmona et al [9, 10℄. We review their
derivation and then ompute the partition funtion of one suh typial theory. It leads to
a deformed blak body spetrum, whih is analysed in detail. The dierene between the
usual and the deformed blak body spetrum appears in the region of high frequenies.
Therefore we expet that the deformed blak body radiation may potentially be used to
ompute a GZK ut-o whih will depend on the nonommutative parameter θ.
Keywords: Nonommutative geometry, Conformal Field Theory, Nonommutative
Target Spae, GZK Cut-o.
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1. Introdution
Spaetime nonommutativity is suggested by onsiderations based on quantum gravity [11℄
and developments in string theory [12, 13, 14, 15, 16℄. Quantum eld theories (qft's) on
suh spaetimes have been developed rst Dopliher et al. [17℄, and Oekl [1℄. Studies
of spaetime symmetries of suh models [18, 19℄ have also led to some insight into their
properties, suh as Pauli priniple violation [2℄ and the absene of UV-IR mixing [3℄. The
earlier work of Oekl [20℄ using the tehnology of Hopf algebras have muh bearing on suh
topis and antiipated ruial results. But it is only reently that general attention has
foused on the ideas underlying these results.
In order to fully explore the onsequenes of these results, phenomenologial models
based on suh nonommutative framework are useful. In this regard it would be highly
desirable to measure at least a denitive signature of the fat that physis at a sale lose
to the Plank sale takes plae in a nonommutative geometry. One usually expets that
signatures of nonommutativity will appear in experiments involving osmi mirowave
bakground (CMB), ultra-high-energy osmi rays, or other high-energy soures suh as
those of neutrinos. It is well-known that the CMB radiation shows a blak body spetrum
with great auray, at least for low to medium frequenies. Still we may onjeture that
as the measurements beome more aurate, deviations from the blak body spetrum
may be found, partiularly in high frequeny regions, where data are still not so aurate.
Furthermore, the distribution of photons play a key role on the derivation of the GZK ut-
o [21℄. Upto now estimates of the GZK ut-o are obtained by onsidering a blak body
distribution. Deviations from this ut-o may thus provide us signals of nonommutativity.
These fats onvine us that any deviation from the usual free massless boson theory
may have some inuene on the modeling of these experimental fats. One possible soure
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of suh deviation is the deformation of the target spae of a free massless boson theory.
For instane, we may onsider a theory with a nonommutative plane as target spae.
Then a natural question one may raise is how the radiation spetrum is modied by this
deformation of the target-spae of the free massless boson theory.
We present here a free massless boson theory with ommutative base-spae and non-
ommutative target-spae. The rst results with bearing on suh models an be found
in the work of Oekl [1℄, and an be interpreted in terms of twisted statistis. The idea
of deformation of the target spae has also been extensively developed in the work
1
of
Carmona et al [9, 10℄. These works use the earlier work on quantum mehanis with non-
ommutative target spaes by Nair and Polyhronakos [22℄. Their physial onsequenes
have also been explored by the same group in [23, 24, 25, 26, 27, 28℄. They all the elds
with nonommutative target spaes as nonommutative elds. Subsequently Balahandran
et al [2, 3, 4, 5, 29℄ developed and extended the ideas of Oekl, with emphasis on the link
between twisted Poinaré invariane and twisted statistis. Note that it an be argued
that spaetime and target spae nonommutativity are linked to eah other by symmetry
priniples.
Our treatment of deformed onformal symmetry in setion 2.3 is new. Also unlike
Carmona et al, we onsider nononstant deformation parameters and disuss the deformed
blak body radiation spetrum in detail. This study an aquire signiane from the point
of view of of phenomenology.
Setions 2 and 3 ontain many results already obtained by [9, 10℄, although perhaps
our derivation of their results is slighty dierent. They are inluded here for ompleteness.
The present work is organised as follows. In setion 2, we onstrut a free massless boson
theory with nonommutative R
2
, hereafter referred to as the deformed theory, for the ase
where the base spae is a (1+1)-d spae given by the ylinder S1×R. After onstruting the
Hamiltonian formulation of this theory and quantizing it, we alulate 2-point orrelation
funtions and also see how the onformal generators are modied by the introdution of
nonommutativity. The results obtained in this setion are, then, generalised to a more
realisti senario in setion 3. In this setion, we show the same theory, but now with the
(3+1)-d base spae given by S1×S1×S1×R. Then, using this (3+1)-d theory, we study the
radiation law for the deformed theory and ompare it with the usual ommutative theory,
i.e., the blak body radiation. Conluding remarks are setion 5.
2. Deformed (1 + 1)-d Theory
In this setion we onstrut a deformed version of a (1+1)-d theory. For that we start with
a target spae R
2
as a group manifold. Then we use a twisting proedure on the group R
2
,
so that it beomes the nonommutative plane.
The phase spae T ∗R2 of a single partile in R2 has a natural group struture. It is the




. The generators of its Lie algebra an be taken to be
1
We thank Prof. J. Gamboa and Prof. J. Cortes for alling our attention to their interesting earlier
work.
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oordinates xa, a = 1, 2, and momenta pa. The algebra generated by x
a





[pa, pb] = 0 (2.2)





are thus ommutative and pa ats as derivative on these funtions.
We now twist (or deform) the generators of the above algebra into xˆa, pˆb and thus obtain
a new algebra. The algebra of derivatives are not deformed, but the funtion algebra is.
The twisted algebra reads [30, 22℄[
x̂a, x̂b
]
= iǫabθ ≡ iθab (2.4)
[p̂a, p̂b] = 0 (2.5)
[x̂a, p̂b] = iδ
a
b . (2.6)
The so-alled non-ommutativity parameter θab = −θba is as usual taken as a onstant for
the present.
We an relate the hatted generators (nonommutative ones) to the usual generators by
the deformation map
2
x̂a = xa − 1
2
θabpb,
p̂a = pa. (2.7)
In what follows, we will generalize the above deformation map to the ase of a salar eld
theory.
We start with a free real massless bosoni eld. Its base spae is a ylinder with
irumferene R and its target spae is R2, i.e.,
ϕ : S1 × R −→ R2
(x, t) 7−→ ϕ(x, t)
The eld omponents will be denoted ϕi where i = 1, 2. The ompatiation of the spae
oordinate makes eah eld omponent periodi in the variable x, i.e.,
ϕi(x+R, t) ≡ ϕi(x, t) .







nx ϕin(t) , (2.8)








nx ϕi(x, t) = ϕi−n(t)
∗. (2.9)
2
The analogue of the map xa → xˆa rst appeared in the works of Grosse [31℄, Zamolodhikov and
Zamolodhikov [32℄ and Faddeev [33℄. It is sometimes alled a dressing transformation.
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)2 − (∂xϕi)2] (2.10)
where there is an impliit sum over the target spae oordinate index i.



















It is a standard exerise to hek that the theory dened by the Lagrangian (2.10)
possesses onformal invariane. This is veried by showing that the energy-momentum
tensor is traeless.






= gR ϕ˙i−n = π
i ∗
−n. (2.12)











































The rst term in the l.h.s. of equation (2.14) is known as the zero mode. We will mostly
ignore it in the rest of these notes. It will not aet our onlusions. The hermitiity of ϕi
implies that






R ϕi(x, t) = ϕi−n(t) (2.16)
and
πi †n = π
i
−n . (2.17)
We now generalize the deformation map (2.7) to the above salar eld theory. We take
ordinary eld theory with target R
2
desribed by anonial pairs ϕa, πa, a = 1, 2, and then
use the map (2.7) so that
ϕˆa(x, t) = ϕa(x, t)− 1
2
θabπb(x, t), (2.18)
πˆa(x, t) = πa(x, t) . (2.19)
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In the ase where θab = θǫab, with θ hosen as a onstant, the orresponding equal time
ommutation relations are [
ϕˆa(x, t), ϕˆb(y, t)
]
= iǫabθδ(x− y), (2.20)
[πˆa(x, t), πˆb(y, t)] = 0, (2.21)
[ϕˆa(x, t), πˆb(y, t)] = i δ
a
b δ(x− y). (2.22)
These are the relations of [9, 10℄ in the limit of their B beoming zero.








whih is the previous onstant θ times a funtion of a new parameter σ. This new parameter
σ introdues a new distane sale in the equal time ommutation relations for the elds:[








It is important to note that these new ommutation relations redues to those in (2.20)
in the limit σ → 0. We note further the fat that while the new θ(σ) is dimensionless,
beause θ(σ) substitutes the previous θδ(x − y), the θ in θ(σ) still has the dimension of
(length)−2.
In more than two dimensions, it is not easy to introdue spaetime dependene in the
nonommutative parameter (alled also θµν) of the Moyal plane [34℄, beause of onstraints
from Jaobi identity. But here we twist the target of elds, so that this problem does not
arise.
The above deformed algebra desribes a eld with nonommutative plane as target.
The degree of non-ommutativity is regulated by a new parameter σ.


















where R is the irumferene of the base spae ylinder S1 × R and
θ(n) = θ e−
2π2σ2n2
R2 . (2.28)


















= i δabδmn. (2.31)
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(Notie that [θ(n)] = dimension of θ(n) = length.)
We an write the Hamiltonian in terms of the deformed elds and momenta, using



































2.1 The Shwinger Representation and the Constrution of the Fok Spae
We an onstrut a Fok spae, sine the Hamiltonian (2.32) an be diagonalised using the
Shwinger representation of SU(2). It is remarkable that the last term of the Hamiltonian
in equation (2.32) is proportional to the z-omponent of the angular momentum Lz. This
fat motivates the use of the Shwinger representation.










































It is important to note that in the limit θ → 0, we have θ(n)→ 0 and Ω2n → 1. This limit
takes the Hamiltonian (2.33) to the usual Hamiltonian for the free massless bosons upon a
ommutative target spae.
Separating the zero mode ontribution H0, we have

























Therefore, the Hamiltonian may be written as















































Hn alone is the Hamiltonian of a harmoni osillator with frequeny Ωnωn, whih an























and ω¯n = Ωn ωn. (2.41)
































































(ai−n − ain†) (2.45)
and that if we make θ → 0, we have Ωn → 1 and ∆n → 2π|n|g and in this limit ain and ain†
redue to their usual (ommutative spae-time) version.













whih, using some algebra, an be written as (the : : symbols stand for the usual normal



































































The appearane of the angular momentum term may be seen as a signature of the
well-known relation between nonommutative plane and a plane embedded in a magneti
eld perpendiular to it.





































(A1n −A1†−n −A2n +A2†−n) . (2.52)
In terms of these A's and A†'s the Hamiltonian reads















































Notie that an important eet of introduing nonommutativity is the splitting of the
energy levels of eah individual mode that onstitutes the whole system. One should reall
the resemblane of this eet to the well-known Zeeman eet in a quantum system in the
presene of a magneti eld.
Time evolution of the An's and A
†




−iωnΛ1n t , A2n(t) = A
2
n(0) e














m t . (2.57)





















































Given the new elds (2.58) and (2.59) we an evaluate the two-point orrelation funtions,
e.g., for ϕ1:





















Taking the limit θ → 0 of this expression we get









(x1−x2) e−iωn(t1−t2) , (2.61)
whih is exatly what we would get for the two-point orrelation funtion on the ommu-
tative plane.
The same alulation an be performed for ϕ2(x, t) with a similar result. Furthermore:
〈ϕ1(x1, t1)ϕ2(x2, t2)〉 = 0 . (2.62)
2.3 The Deformed Conformal Generators
We study in the sequel how the onformal generators are deformed by the deformations
introdued by the nonommutativity of the target spae.



















































































. Note that aˆin and aˆ
j†
n are not standard osillators, as one sees from (2.66)
and (2.67), and hene nor is ωn the frequeny of osillation of the n
th
mode.
The generators of the modied U(1) Ka-Moody algebra are
J in =
{
−i√n aˆin (n > 0)
i
√−n aˆi†−n (n < 0)
, J¯ in =
{
−i√n aˆi−n (n > 0)
i



























Observe that new terms depending on θ have appeared in the ommutation relations of the
U(1) Ka-Moody algebra.






























Jk−m − iπm2θǫik(J i−m + J¯ im). (2.73)
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m (n 6= 0) (2.77)
where











is not proportional to Lˆm+n (plus a entral term for m + n = 0),
beause of the ǫij term appearing in the RHS of equation (2.70).






3. Deforming the (3 + 1)-d Theory
In this setion we use the same proedure presented in the previous setion for the ase when
we onsider a dierent base spae, say a (3+1)-d base spae, while we still onsider the same
nonommutative target spae as the ase before, i.e., the nonommutative plane. This ase
will play a role in the next setion, where we will use it to analyse how nonommutative
target spaes may inuene the blak body radiation.
We start with a massless bosoni salar eld on the target spae R
2
, but now with
(3 + 1)-d base spae, suh that
ϕ : S1 × S1 × S1 × R −→ R2
(~x, t) 7−→ ϕ(~x, t). (3.1)
Observe that we are still onsidering ompatied spatial oordinates, i.e., S1, all of them
with the same radius R.







~n·~x ϕi~n(t) . (3.2)








~n·~x ϕi(x, t) . (3.3)
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)2 − (∇ϕi)2]. (3.4)
























= gR3 ϕ˙i−~n. (3.6)
Now we onsider the nonommutative R
2
as target spae and follow the same proedure
as the one we used in the previous setion. Thus, the deformed elds are now
ϕˆa(~x, t) = ϕa(~x, t)− 1
2
ǫabθπb(~x, t) (3.7)
πˆa(~x, t) = πa(~x, t) , (3.8)
where the θ parameter has dimension of length square.
The ommutation relation at equal time for the elds introdued above are[
ϕˆa(~x, t), ϕˆb(~y, t)
]
= iǫabθδ(~x− ~y), (3.9)
[πˆa(~x, t), πˆb(~y, t)] = 0, (3.10)
[ϕˆa(~x, t), πˆb(~y, t)] = i δ
a
b δ(~x− ~y) . (3.11)





















for the argument of the exponential, and θ(σ) has dimension (length)−1.
The ommutation relations (3.9) beome now
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The Fourier deomposition of the hatted elds ϕˆa are similar to those of the undeformed









































= i δabδmn (3.20)
and the Hamiltonian reads









































with i = 1, 2, dened similarly to (2.50), so that the Hamiltonian may be written as
















































We observe that the splitting of the energy levels of the osillators are still present in
this ase.
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4. Deformed Blak Body Radiation
In this setion we analyse the blak body radiation related with the quantum eld theory
presented in the last setion. We have shown that there is a splitting of the energy levels,
equations (3.25) and (3.26), whih neessarily implies a modiation of the dispersion rela-
tions of the theory. Here we show how these deformed dispersion relations aet the blak
body radiation.
Using the Hamiltonian (3.24), we an write the partition funtion as
3


























(We ignore the zero mode. It is not relevant, being assoiated with the overall translation
of the system.) From this partition funtion we may onsider the energy in a nite volume
V ∈ R3 of the system dened by



























































= U1 + U2.
Eah of the terms U1 and U2 orresponds to the energy of the osillators.

















eβ k Λi(k) − 1 , (4.5)
3
We ignore the zero mode. It is not relevant, sine it is assoiated with the overall translation of the
system.
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θ(k) = θ e−
1
2
σ2 k2 . (4.8)
In units c = ~ = 1, we have k = ω = frequeny (this k is the wave number, not an integer),
































with u(ω) being the Plank distribution, whih is suh that after integration it gives U/V ∝
T 4.
We may alulate the expansion of equation (4.4) in powers of θ, using the usual
normalization:










θ2 + · · · (4.11)
The rst term U(0) of the expansion is given by equation (4.10). The term of order θ











ω5 θ2 F (σ, β, ω)
64(eβω − 1)3π2 (4.12)
where
F (σ, β, ω) = eω(−σ





The orretion, due to nonommutativity, for the blak body radiation is not a poly-
nomial in β.
So that we may obtain some intuition to help us to better understand the behaviour
of the orretions, we present some graphs in what follows. These are graphs that are to















Figure 1: The shady region orresponds to the blak body radiation with temperature T =
1 × 104 K. The solid line delimits the region of the new radiation, whih is given by the deformed
theory for σ = 1 × 10−15. The dashed line gives the radiation urves of the deformed theory with
null σ. Observe that in this ase, there is a divergene in the energy density at high frequenies.
It is remarkable that the behaviour of the radiation obtained after introduing non-
ommutativity is similar to that of a regularisation by the parameters θ and σ. For phe-
nomenologial reasons θ annot be too big, nor an σ be too small as that would make
frequenies inrease too fast with |~n| (see below).
In the graph of gure 1, we see the radiation urves for a temperature of 1 × 104 K,
both for the usual blak body distribution and for its deformed distribution. In the ase
of the deformed theory, but with σ = 0, we learly see a divergene in the energy density





inrease too fast, that is, like |~n|3 as |~n| → ∞. For the
(arbitrary) hoie σ = 1×10−15m, in the gures, we see a deviation of the radiation energy
density urve for the deformed theory from the usual blak body radiation.
The eets desribed above are inferred from low frequenies. The eetive deviation
with respet to the blak body radiation is regulated by σ and θ. One an see the behaviour
of suh deviations either in low frequenies or in high frequenies in Figure 2. In these gures
the temperature is 1× 104 K with xed σ = 1× 10−18m.
One an notie that for low frequenies, the eets an made very small by hoosing
values for the θ parameter. The solid and dashed urves orrespond to the values θ =
1.7 × 10−14 and θ = 1.9× 10−14 respetively.
On the other hand, for high frequenies one an notie that a modiation appears in
the radiation. Suh a modiation is given by a peak in the radiation urve, whih we refer
4




















θ = 1.9× 10−14m






Figure 2: (a) When σ is nonnull (σ = 1× 10−15 and T = 1× 104K in both graphs), there exists
a very small deviation with respet to the usual blak body radiation at low frequenies. The
graph shows the energy density urve for the new radiation with θ = 1.7 × 10−14 (solid line) and
θ = 1.9× 10−14 (dashed line); (b) A not-so-small deviation is found for high frequenies.
to as the seondary peak. We observe in Figure 2 how distint values of θ lead to dierent
values for the highest amplitude of the seondary peak.
The frequeny and the highest amplitude of the seondary peak are funtions of the
parameters. This an be seen in Figure 3. The growth of σ leads to the derease of the
highest amplitude of the modiation, as well as the translation of the seondary peak to
low frequenies. This agrees with the fat that when σ goes to zero, the highest amplitude
grows, and the divergene appears.
One an note also in Figure 3 that as θ grows, the highest amplitude of the modiation
grows as well. The value of θ is also given by the position of the peak of the modiation,
however suh dependene is stronger on σ than on θ.
5. Conlusion
This work is based on the deformation of the target spae of a eld in a quantum eld theory
by onsidering the nonommutative plane R
2
as target spae. It is based on the earlier work
of [10, 9℄. One of the simplest of the quantum eld theories, i.e., the free massless boson
eld theory was onsidered in two dierent ases. In the rst ase we realled this theory
when the base spae is a ylinder S1 × R. In the seond ase the base spae is (S1)3 × R.
A rst onsequene of suh a deformation is the appearane of a term proportional to
a omponent of angular momentum in the Hamiltonian of the theory. It aets the split
of the energy levels. This split deforms the dispersion relations of the theory, whih have
onsequenes for the radiation spetrum of this theory. A new feature in our treatment is
that besides the nonommutativity parameter θ, we also introdue another parameter, σ, in
the model, resulting in the ommutation relation (2.24). The radiation spetrum depends













θ = 1.7× 10−14m
θ = 1.8× 10−14m
σ = 1.0× 10−18m
σ = 1.3× 10−18m
σ = 1.0× 10−18m





Figure 3: Another example that the frequeny and the highest amplitude depend on σ and θ. The
dependene of the highest amplitude on σ is stronger than the dependene on θ. For both graphs,
T = 1× 104K.
we expanded the energy density upto seond order in theta and graphially studied its
dependene on the parameters. The analysis of these graphs reveals that the deviation of
the new radiation spetrum with respet to the blak body radiation is stronger in σ than
in θ.
As an appliation of the deformed blak body spetrum, one may alulate the GZK
ut-o. In [21℄, the GZK ut-o is alulated using the distribution of blak body radiation.
A follow up of the present work is to evaluate a new GZK ut-o using the deformed blak
body distribution obtained in this work.
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